1SSN (E): 3048-8362

Applied Mathematics on

Applied Mathematics on Science and Engineering, 3(1):36-49, 2026. DOI: 10.65036/amse314 Scence and Engineering

€ FURTHER
o Applied Mathematics on Science and Engineering
ISSN (Online): 3048-8362

Journal homepage: hitps://furthersci.org/journal-details.php ?journal-id=49

Research Article

Nonlinear Contraction-Based Coupled Fixed Point Theorems in
Partial b-Metric Spaces with Applications

Muhammed Raji *“'!'*, Yahaya Jibrin Danjuma', Michael Bamidele David', Isaac Adaji' and Aminu Ibrahim'

L Department of Mathematics and Statistics, Confluence University of Science and Technology, Osara, Kogi State, Nigeria.
*Corresponding author: rajim@ custech.edu.ng

Article Info Abstract

Keywords:  Coupled fixed point, In (Mediterr. J. Math. 11, 703-711, 2014), Shukla introduced the concept of partial b-metric
Fixed point, Partial b-metric space, spaces as a generalization of partial metric and b-metric spaces. The purpose of this article
Well-posedness. is to establish some coupled fixed point results for contractive mappings in a partial b-metric

space. Examples are provided to support the results and concepts presented herein. As an

MSC 2020: 47H10, S4H25. application of our results, we prove the well-posedness of coupled fixed point problems.

Received: 08.02.2026;
Accepted: 14.06.2026;
Published: 30.06.2026

© 2026 by the au-

thor’s. The terms and conditions of
the Creative Commons Attribution (CC
BY) license apply to this open access
article.

1. Introduction

Banach’s fixed point theorems for contraction mappings is one of the pivotal results of mathematical analysis. Banach contraction principle
[1] is one of the most notable results which has played a vital role in the development of a metric fixed point theory. This principle and its
variants provide a useful apparatus in guaranteeing the existence and uniqueness of solutions of various nonlinear problems: differential
equations, integral equations, optimization problems, variational inequalities. Since its introduction, the Banach contraction mapping
principle has been generalized and refined in numerous ways, leading to a wealth of articles dedicated to its improvement [2—7].
Matthews [8] introduced the notion of a partial metric space as a part of the study of denotational semantics of data for networks,
showing that the contraction mapping principle can be generalized to the partial metric context for applications in program verification. In
the mentioned papers, Mathews studied topological properties of partial metric spaces and stated a modified version of a Banach contraction
mapping principle on the space. Existence of fixed points in partial ordered metric spaces was first investigated by Turinici [9]. Ran and
Reurings [10] studied the existence of fixed points for certain mappings in partially ordered metric spaces and applied their results to matrix
equations. Their results were later extended by Nieto and Lopez [11] for non decreassing mappings and obtained the solutions of certain
partial differential equations with periodic boundary conditions. The concept of mixed monotone property for contractive operators of the
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form F : X — X x X was first introduced by Bhaskar and Lakshmikantham [12] where X is a partially ordered metric, and then established
some coupled fixed point theorems.

Czerwik [13] had an excellent idea to introduced the concepts of b-metric spaces by weakening the coefficient of the triangle inequality
and generalized Banach’s Contraction Principle. Subsequently, Boriceanu [14] obtained some concrete examples of b-metric spaces and
studied the fixed-point properties of set-valued operators in b-metric spaces.

Aydi [15] introduced some coupled fixed point results for mappings satisfying different contractive conditions on complete partial
metric spaces. Later on, Shukla [16] introduced partial b-metric spaces as a generalization of both b-metric spaces and partial metric spaces.
Moreover, he proved Banach contraction principle as well as the Kannan type fixed point theorem in partial b-metric spaces. Recently, Saluja
[17] established some coupled fixed point results for contractive type conditions in the framework of partial b-metric space.

In view of the above considerations, we prove some coupled fixed point results for contractive mappings in a partial b-metric space.
Examples are provided to support results and concepts presented herein. As an application of our results, we prove well-posedness of coupled
fixed point problems.

Throughout the article, we denote by R the set of all real numbers, by R™ the set of all positive real numbers and by N the set of natural
numbers.

2. Preliminaries
We start this section by presenting some relevant definitions and lemma.

Definition 2.1 [18] Let X be a non-empty set and s > 1 be a given real number. If a function d : X x X — R satisfies the following
conditions:

(bl) d(x,y)=0iffx=y
(b2) d(x,y) = d(y,x)
(b3) d(x,y) < sld(x,z) +d(z,y)] forall x,y € X,

then the pair (X, d) is called a b-metric space.

Remark 2.2 The class of b-metric spaces is larger than the class of metric spaces since any metric space is a b-metric space with constant
s = 1. Therefore, it is obvious that b-metric spaces generalize metric spaces.

We can present an example, which show that introducing a b-metric space instead of a metric space is meaningful since there exist
b-metric spaces which are not metric spaces.

Example 2.3 Let X = [0,00) and d : X x X — R defined by
d(x,y) = x—y|”,
where p is a real number such that p > 1. Let x,y,z € X. By taking u =x —z and v = z—y, we have
=317 = Jutv|? < (Jul +[v])
< (2max{]ul,[v[})”
<2P(x— 2P +[z—yIP)
which implies that
d(x,y) <2°[d(x,2) +d(z,y)].
Therefore (X,d) is a b-metric space with coefficient 2”. On the other hand, for x > z > y, we have
x =y =lu+v|P = (u+v)P > ul +vP
=@=)P+ (=) =k—zP +]z—y",
which implies that
d(x,y) > d(x,2) +d(z,).
Therefore (X,d) is not a metric space.
Definition 2.4 [19, 20]Let X be a nonempty set. A mapping
p:XxX—RF
is said to be a partial metric on X if for all x,y,z € X the following conditions are satisfied:

(p1) x =yif and only if p(x,x) = p(x,y) = p(y,y);
(02) p(x,x) < p(x,y);

(3) p(x,y) = p(x);

®H p(x,y) < p(x,2) +p(z,y) — p(z,2)-
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In this case, the pair (X, p) is called a partial metric space.
The most basic example of a partial metric space is the pair (R™, p), where

p(x,y) = max{x,y}

for all x,y € RT.

Definition 2.5 [16] A partial b-metric on a nonempty set X is a function
P X xX > RT

such that for all x,y,z € X:

(pbl) x =y if and only if pj (x,x) = pp(x,y) = pp(»y);
(pb2) pp(x,x) < pp(x,y);

(pb3) pp(x.y) = pp(yx);

(pb4) there exists a real number s > 1 such that

Po(x,y) < slpp(x,2) + pp(2,¥) — po(2,2)]-

A partial b-metric space is a pair (X, pp) such that X is a nonempty set and pj, is a partial b-metric on X. The number s is called the coefficient
of (X, pp).

Remark 2.6 In a partial b-metric space (X, p,) if x,y € X and pp(x,y) = 0, then x = y, but the converse may not be true.

Remark 2.7 It is clear that every partial metric space is a partial b-metric space with coefficient s = 1 and every b-metric space is a partial
b-metric space with the same coefficient and zero self-distance. However, the converse of this fact need not hold.
The following example shows that the converse of these facts need not hold.

Example 2.8 Let X = {0, 1,2} and define
Py XxX > RT
as follows:
pp(0,0) =0, pp(1,1) =4, py(0,1) = pp(1,0) =38,

pp(2,2) =2, pp(0,2) =pp(2,0) =5, pp(1,2) =pp(2,1) =4
Because pp(2,2) =2 # 0. Thus, condition (bl) is not established, therefore (X, pj,) is not a b-metric space. Since

8=pp(0,1) > py(0,2) + pp(2,1) = pp(2,2) =5+4 -2 =7,

thus, condition (pb4) is not established, therefore (X, pp,) is not a partial metric space. But, we know (X, pj) is a partial b-metric space with
constant s > 2.

Definition 2.9 [16] Let (X, p,) be a partial b-metric space with coefficient s. Then:
(i) A sequence {x,} in (X, p;) is said to be convergent with respect to 7,, and converges to a point x € X, if
Jim pj (xn, x) = pp (x,%).
(ii) A sequence {x;} is said to be a Cauchy sequence in (X, pj) if
n,}fifgoc Pb(Xn,Xm)

exists and is finite.
(iii) (X, pp) is said to be a complete partial b-metric space if for every Cauchy sequence {x,} in X there exists x € X such that

pm_pp(n Xm) = m py(xn,x) = pp (6,)-
(iv) A mapping g: X — X is said to be continuous at x( € X if for every € > 0 there exists § > 0 such that
g(pr (%0, 5)) C By, (g(x0)78).
Note. In a partial b-metric space the limit of a convergent sequence may not be unique.
Example 2.10 [16] Let X = [0, +<0), ¢ > 0 be any constant and define
Pp X XX —[0,+00)
by

py(x,y) = max{x,y} +c
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forall x,y € X.
Then (X, pp,) is a partial b-metric space with arbitrary coefficient s > 1. Now define a sequence {x,} in X by
x, =1 forallneN.
Note that, if y > 1, we have
P (xn,y) =y+c=pp(»y),
therefore
Jim pp(xn,y) = Py (3:¥)
for all y > 1. Thus, the limit of a convergent sequence in a partial b-metric space need not be unique.
Definition 2.11 [21] An element (x,y) € X x X is said to be a coupled fixed point of the mapping
FiXxX X
if
flx,y)=x and f(yx)=y.
Example 2.12 [22] Let X = [0, +0) and f : X X X — X be defined by
_ Xty
f(x7y) - 6
for all x,y € X. One can easily see that f has a unique coupled fixed point (0,0).
Example 2.13 [22] Let X = [0, +0) and f : X X X — X be defined by
_ Xty
f('x>y) - 2
for all x,y € X. Then we see that f has two coupled fixed points (0,0) and (1, 1), that is, the coupled fixed point is not unique.
3. Main Results
In this section, we begin with the following theorem.
Theorem 3.1 Let (X, p;,) be a complete partial b-metric space with constant s > 1. Let
fiXxX—>X
be a mapping satisfying the following condition:
A Pb(f(""")v")[lJFPb(f(xv)’)vx)}
') ) S ) ) ) sV )N 2 V) ’ 3.1
(00 00) < 5 e {0, (£ (59).0), ol ), e G
for all x,y,u,v € X and A € (0,1). Then f has a unique coupled fixed point in X and pj(a,a) = 0 for some a € X.
Proof. Let x¢,yo € X be arbitrary points in X. Let
x1 = f(x0,50),  y1=f(v0,%0).
Again let
x=flxny), 2= fnx).
Continuing this process, we construct two sequences {x, } and {y, } of points in X such that
X1 = [ (Xn,¥n)s Yut1 = f(Vn,%n), foralln €N,
Now, by using (3.1) and (pb2), (pb3) of Definition 2.5, we get
Po(n,Xn1) = P (f (n—1,¥n-1), f (X, ¥n)) M
A Po(f(Xn,¥n)5 %) [1+ po(F(Xn—1,Yn-1),%n—1)]
< = _ _ _ —
=32 max {pb(xn 1 7xl’l)7 Pb (f(xn 1,Yn—1 )7-xn 1)7 Pb (f(xn7Yn)axn>7 1 +pb(xn71 7xn)
@3]
A Po(Xnt1,%n) [1 4 pp (Xn; Xn—1)]
== _ _ 3
S2 max{pb(xn lvxil)’pb('xrhxn 1)7pb(xn+17xn)7 1+pb(x"717x}1) ( )
A
= 2 Max {pp(Xn—1,%n), Pp(Xn+1,%)} - (3.2)
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Similarly, we get
Pbnsyns1) = o (fn—1,%n—1): S V> Xn))

A
< sfzmaX{pb(yn—l,yn), Po(Vnt1>9n) } -

Set
An = pp(xn:Xn1) and By = pp(yn,Yn+1)
uy = max{A, 1,A,}

and
Uy = max{B,_1,B,}.

Again, set

Ci=An+By
= Pb(Xn Xp1) + b Vs Y1)
From (3.2)—(3.7), we have

A
Cn < siz(:ul +/~12)'

If u; = A, and Uy = By, then from (3.8) we have

A A
Cn S 7(An+Bn) = 7Cn7
) )
that is,

A
1-— n§7
(1-%)a<o

a contradiction, since A € (0,1) and s > 1.
Hence,

A A
Cn < S*Z(Anfl +anl) = sizcnfL

Then, by repeated application of (3.9) for each n € N, we have

2 2 2 A\"
G < stn—l < (sj) Chn< < (sj) Co.

If Cy =0, then

pp(x0,x1) + pp(yo,y1) = 0.
Hence, we get

xo =x1 = f(x0,50) and yo=y1 = f(vo,%0),
which implies that (xq,y) is a coupled fixed point of f.

Now, assume Cy > 0. For each n > m where n,m € N, we have by using condition (pb4) of Definition 2.5

Pb(xmxm) < S[Pb(xmxn+1) +pb(xn+17xm)] _Pb(xn+17xn+l)

<spp (xnuanrl) + s2 [Pb (xn+1 >xn+2) + Pp (xn+27xm)} —SpPp (xn+21xn+2)

< Spb(xn’xn+l) +S2Pb(xn+1 1xn+2) +S3pb(xn+27xn+3) +--- +Sm_npb(xm—l7xm)-

Similarly, we have

PbOnsym) < 596 OnsYni1) + 5% Pt Yn12) +5° Poni2synrs) + -+ 5" pp(Vme1,Vm)-

Adding (3.11) and (3.12), we get

Pb(xnaxm) +Pb()”n»)’m) <sCy +52Cn+1 +S3Cn+2 +o 5" CH

A n A n+l1
S {S (?) +S2 (57) +S3 <

m—n ; A i+n—1
= [Z s (7)
i=1

A n+2 o A m—1
9 (3 a

m—1

¥ (5

t=1

2

y

Co

4
(3.3)

34

(3.5)

(3.6)

&)
3.7)

(3.8)

(3.9)

(3.10)

@3.11)

(3.12)

(3.13)
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As A €(0,1/s) and s > 1, from (3.13) we get
Pb(%n,%m) + Pp(n,ym) = 0 asn — oo,

This proves that {x, } and {y,} are Cauchy sequences in (X, pp).
Since (X, pp) is complete, there exist x*,y* € X such that

Xy = x5, yp—y" asn— oo,

and
Py x") = lim pp (o, x") = Tim _pp (xn,5m) = 0, (3.14)
po(¥*,y") = im py(yn,y") = lim_pp(yn,ym) = 0. (3.15)
n—yoo n,m—yo0

Now, we prove that
X =f(x"y") and ¥ =f(x0).

Arguing by contradiction, assume that x* # f(x*,y*) and y* # f(y*,x*), so that
Dy =pp(x", f(x",y")) >0 and Dy =py(y", f(y",x)) > 0.

Then

JOEY)

\ I
<

b\ X

*

(x"

b (X xn+1)+19h(xn+1>f(x*7y*))*Pb(xn+17xn+1)
b(X* Xt 1) + Pp (g1, (X, 57))
(
(

INIA
"’cz'“c

b (X 15 £ (X5 5%)) 4 pp (X Xy 1)
b f(xn7)’n) (x Y ))+Pb(x 7xn+l)

max {Pb(xn7X*)7 Pu(f(Xn,Yn) s Xn)s Pb(f(X*vy*)ax*)7 pb(f(x*7y*)lxi)lgi;’fii{(xn’yn)Jn)] }

Po(f ("), x*) [L+ Py (Xnt1,%n)]
1+ pp (xn,x*) .

([
T

IA
hm‘ ~

A * K\ Lk
= sjmax {ph(xnvx )7pb(xn+l7xn)7pb(f(x Y )7x )7 (3.16)

On taking the limit n — oo in (3.16) and using (3.14), we get

Dy < S s = 5o,
a contradiction, since A € (0,1) and s > 1. Hence, D; = 0, that is,
pp(x*, f(x*,y")) =0 and therefore x* = f(x*,y").
Similarly, we can show that
yr=f00x).

Thus, (x*,y*) is a coupled fixed point of f.

To show uniqueness of the coupled fixed point, suppose that (w,z) is another coupled fixed point of f such that (x*,y*) # (w,z). Then from
(3.1), (3.14), (3.15), and condition (pb3) of Definition 2.5, we have

pb(X*7w) = pb(f(X*vy*)af(sz))

1+pb(X*vw)
P (w,w) [14 py (")) }

< );maX{pb(x*,w),pb(f(x*,y*),x*),pb(f(w,z),w), pb(f(W,Z),W) [l+pb(f(X*vy*)7X*)] }

2’ * * ok
- Szmax{pbo« ), ol 3), (), PR

= %max{pb(x*,w),0,0,0}
s

A
= s—zpb(x*,w). (3.17)
a contradiction, since A € (0,1) and s > 1. Hence, we have
pp(x*,w)=0 andso x"=w.

Similarly, we can show that y* = z. Thus, f has a unique coupled fixed point in X.
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Theorem 3.2 Let (X, p;,) be a complete partial b-metric space with constant s > 1. Let
f:XxX—=>X

be a mapping satisfying the following condition:

pb(f(xvy)vf(uvv)) < alpb(xvu)+a2pb(yvv) +a3pb(f(x7y)7x) +a4pb(f(uvv)vu)
a pb(f(u7v)7u) [1 +pb(f(x7y)7x)}

, , + 3.18
+aspp(f(x,),u) +acpp(f(u,v),x) +az T+ pp o0 (3.18)
for all x,y,u,v € X, where ay,a,,a3,a4,as,aq,a7 > 0 such that
a1 +ay+az+ag+as+2sag+a; < 1.
Then f has a unique coupled fixed point in X.
Proof. Let xg,yg € X be any arbitrary points in X. Define
xl:f(x07y0)7 YI:f(YO7x0)7 x2:f(xl7y1)7 YZ:f(y17x1)7
and continue this process to construct two sequences {x,} and {y,} in X such that
X1 = (X, ¥n)s Yt = fOn,Xn), V€N,
Set
O = pp(Xn,%nv1),  Bn = Po(YnsYni1)-
Now, using (3.18) and (pb2), (pb3) of Definition 2.5, we get
Po(XnsXn1) = Po(f (Xn—1,Yn—1): f (Xn,¥n))
< a1 pp(Xn—1,%n) +a2pp(Yn—1,¥n) + @3 0p(f Xn—1,Yn-1),%n—1) +aapp(f (Xn,Yn), Xn)
Po(f (X, ¥n) s %) [ 4 P (f (n—1,Yn—1):%n—1
15 31 ) %) s ) 1)+ a2 o) on) (L P i ) )
1+pb(xnfl7xn)
= a1pp(Xn—1,%n) + @20 (Yn—1,Yn) +a3pp(Xn, Xn—1) + aapp(Xnt1,%n)
PbXn15%n) [1+ b (Xn, Xn—1)]
+a Xn,Xn)+a Xpt1,Xn—1)+a
5Pb(Xn,Xn) + A6 P (Xn+1,%—1) + a7 Y E——
< a1pp(Xn—1,%n) +a2pp(Yn—1,Yn) +a3pp(Xn,Xn—1) + a4pp(Xn+1,%n)
+aspp(Xn,Xn11) + a6 [s(Pp (Xns1,%n) + Pb (Xns Xn—1)) — Pb (X0, %) |
Po(Xn15%0) [1 4 pp (X, X0 1))
+a7
1+pb(xn—l7xn)
< a1 pp(Xn—1,Xn) +@2pp(Yn—1,Yn) + a3ppXn, Xa—1) + aspp (Xny1,%n)
+aspp(Xn; Xn1) + a6S[Pp (Xt 1,%0) + Po(Xn, X0 —1)] + @70 (X g 1,%0)
= (a1 +az +5a6) pp(Xn—1,%n) + (a4 + as +sag +az) pp(Xn+1,%n) + a2 Pp(Yn—1,Yn)- (3.19)
Since o, = pp(xn,Xp+1) and By = pp (Y, ynt1), from (3.19) we have
Oy < (a1 +az +sag) Oy + (a4 +as +sag +ay) o +az B, 1. (3.20)
Similarly, we obtain
PO Ynr1) = Pu(fOn—1:%n-1),.f (Y, %n))
< (a1 +az +sag) pp(yn—1,yn) + (a4 +as +sag +a7) pp(Yn+1,Yn) + @2 Pp(Xn—1,%n)- (3.21)
It follows that
Bn < (a1 +a3z +sag) Bu—1 + (a4 +as +sag +az) Bu + az oy 1. (3.22)
Set
Y= 0y +Bn- (3.23)

Adding (3.20) and (3.22), we get

Yo = O+ B
<(ay+a3z+sag) (01 +Bu_1)+ (as+as+sag+a7) (0 + Bu) + a2 (01 + Pu_1)
= (a1 +az +5a6) Yo—1 + (a4 +as +sag +a7) Yo + a2 Y1
= (a1 +ax+az +sag) Yy—1 + (aq +as + sag + az) Y. (3.24)



Applied Mathematics on Science and Engineering, 3(1):36—49, 2026. DOI: 10.65036/amse314 43
It follows that
ay) +ap+az +sag
Yo < h—1- (3.25)
1 —(as +as +sag +az)
Let
. ay) +ay+az +sag
1 —(ag+as+sag+az)’
Since aj +ap + a3z +ag +as +2sag + a7 < 1, it follows that ¢ < 1. Hence,
Yo <tY-1, VneN. (3.26)
Repeating the application of (3.26) for all n € N, we have
W<t SP o < <1y (3.27)
If 9 = 0, that is, pp(xq,x1) + pp(¥o,y1) = 0, then we have
xp =x1 = f(x0,y0) and yo=y1= f(y0,%0),
which implies that (xg, ) is a coupled fixed point of f.
Now, assume yp > 0. For each n > m with n,m € N, using condition (pb4) of Definition 2.5, we get
P (Xn;Xm) < S[Pb(xmxnﬂ) +pb(xn+17xm)] — Pp(Xnt15Xn+1)
< 5pp (X Xns1) + 52 [P (X 15%042) + P (K20 0m)| — 5 Db (Xnt2,%042)
<spp (xf’thH-l ) + SZ Pb (er-l 7xn+2) + 53 pb(xn+27xn+3) R i Pb (xm—l 7xm)- (3.28)
Similarly,
Po(nsym) < 5Po(msYnt1) 45 Po(nst:Yni2) +5 PoOns2¥nt3) + - 45" " Po(Ym—1,Ym)- (3.29)
Adding (3.28) and (3.29), we get
Po(Xn,Xm) + P (Vs ym) < SV 5% Yot +8° Ysa + o 5" Yy
< [Stn JrS2tn+l JrS3 2 4. Jrsmfnl‘mfl] %
m—n m—1
_ { Z SrtrJrnfl]yo _ [ Z Sptp} %
r=1 p=1
n st n
<[ X6n]n= ff)st To (3.30)
=1

Ast € (0,1) and s > 1, it follows from (3.30) that

Pb(Xn,%m) + b (Y, Ym) =0 asn — eo.

This proves that the sequences {x,} and {y, } are Cauchy sequences in (X, p;). Since (X, pp) is complete, there exist x*,y* € X such that

Xn — X*, yp — y* asn — e and

Py x7) = lim py (o, ") = lim__pp(xn,5m) =0,

pp(y"y") = lim py(yn,y") = 1im_pp(ya,ym) =0.

n,m—oo

Now, we show that x* = f(x*,y*) and y* = f(y*,x*). Arguing by contradiction, assume that x* # f(x*

M = pp(x", f(x*,y")) >0 and N = p,(y*, f(y*,x*)) > 0.
Then,

M

pu(x", f(x*,5))

x Xn+1) 2o (Xt 1, F(X5,5°)) = P (g1, Xn11)

("

( +

(% Xn1) + P (X1, f(25,57))
(

(f

IAIA

b (1, f (X7,37)) + pp (6" X1
(XnsYn)s ( )+ P (X p1)

126 (s X") +azpp(yn, ) + a3 pp(f (Xn, yn) s %n) +aapp (f(x*,y"),x")
pu(f(",3"),x*) [1+ pp(f (xn, Yn) , Xn)]
]+Pb(xn7X*)
= a1 pp(%n,x") + a2 pp (Y, Y*) + a3pp (Xng1,%0) + aapp (f (X%, 5%),x") + as pp (xp41,%7)

pb(f(X*7y*)7X*)[l+pb(xn+l7xﬂ)] *
+ X, X, .
[ E— Pu(x", X 41)

Db
Pb
p
Pb
a

IA

+aspy(f(xXn,yn),x") +aspp(f(x",¥"), xn) + a7

+aspp(f(xX*, "), %) + a7

+pb(X*7xn+1)

(3.31)

(3.32)

y*)and y* # f(y*,x*), so that

(3.33)
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On taking the limit as n — o in (3.33) and using (3.31), we obtain
M < (ag +ag+a7) pp(x", f(x",y")) = (a4 + a6 +a7)M. (3.34)
This is a contradiction, since a4 + ag + a7 < 1. Hence, M = 0, that is,
po(x", f(x",y")) =0,
and therefore
X = f"y).
Similarly, we can show that y* = f(y*,x*). Thus, (x*,y*) is a coupled fixed point of f.

To show the uniqueness of the coupled fixed point, suppose that (w,z) is another coupled fixed point of f such that (x*,y*) # (w,z). Then
from (3.18), (3.31), (3.32) and condition (pb3) of Definition 2.5, we have

Pb(X*7W) = Pb(f(x*7y*)7f(W7Z))

<aypp(x*,w)+arpp(y*,2) + azpp (F(x*, "), x*) + aapp(f(w,2),w)

+a5pb(f(x*,y*)7W) +a6pb(f(W,Z),x*) +a7 p;,(f(W,ZLW) [] +pb(f(x*,y*),x*)]

1 +pb(x*7w)
= a1 pp(X",w) +azpp(y*,2) +azpp(x*,x7) + agpp(w,w)
* * pb(W,W) [l +pb('X*7X*)]
+ W)+ x) +
aspp(x*,w) +agpp(w,x") +az T+ ()
= (a1 +as +as) pp(x*,w) + a2 pp(y*, 2). (3.35
Similarly,
po(y*,2) = pp(F(Y",x7), f(z,w))
< (a1 +as+as)pp(y*,z) +arpp(x*,w). (3.36)

Adding (3.35) and (3.36), we get

o, w) + pp(y",2) < (a1 +as +ag) [pp (", w) + pp (", 2)] F a2 [pp (", w) + pp (", 2)]
= (a1 +az +as+ag) [pp (", w) + pp (", 2)]. (3.37)

This is a contradiction, since a; +ap +as +ag < 1. Hence, we have
pr(xX* W)+ pp(y",2) =0 andso x*=wandy* =z

Thus, f has a unique coupled fixed point in X.

Corollary 3.3 Let (X, p,) be a complete partial b-metric space with constant s > 1. Let
[ XxX—>X

be a mapping satisfying the following condition:

pb(f(xvy)vf(uav)) <a pb(x7 u) +(12Ph(y,V) +a3pb(f(x7y)7x) +a4pb(f(uav)7u)
+a5pb(f(x7y)vu)+a6pb(f(uvv)7x) (3.38)

for all x,y,u,v € X, where ay,ay,a3,aq,as,aq > 0 such that
ay+ay+az+as+as+2sag < 1.

Then f has a unique coupled fixed point in X.

Corollary 3.4 Let (X, p;) be a complete partial b-metric space with constant s > 1. Let
f:XxX—X

be a mapping satisfying the following condition:

po(f(6,3), f(u,v)) < ay pp(x,u) +az pp(y,v) (3.39)

for all x,y,u,v € X, where ay,ay > 0 such that
aj+ap <1.

Then f has a unique coupled fixed point in X.

Proof Let a3 = ag = as = ag = a7 = 0 in Theorem 3.2. Then the result follows immediately.



Applied Mathematics on Science and Engineering, 3(1):36—49, 2026. DOI: 10.65036/amse314 45

Corollary 3.5 Let (X, p,) be a complete partial b-metric space with constant s > 1. Let
f:XxX—>X

be a mapping satisfying the following condition:

P69, £0) < 2 max {0, py(1(2.3),), o))} (3.40)
for all x,y,u,v € X and A € (0,1). Then f has a unique coupled fixed point in X and pj(a,a) = 0 for some a € X.
Example 3.6 Let X = [0,+o0). Let p be a real number such that p > 1, and let X be endowed with the usual partial b-metric pj, defined by
Pp i X XX = [0,400),  pp(x,y) = [max{x,y}]P +[x—yl,

for all x,y € X. Then (X, p;,) is a partial b-metric space with arbitrary coefficient s =27 > 1.
Consider the mapping

[ XxX—X, fly)=——.

Now, for any x,y,u,v € X,

Pb(f(xa)’)vf(“z"))

[max{f(x,y), f(u,v)}] +‘fxy f(MvV)|

[ {x+y u—l—va x+y utv
= |max + 6

= lmax{x—i—y,u—i—V}} +g\(x—|—y)— (u+v)]|

6

IN

P
émax{x,u} + émax{y,v}} + 1|(x7 u)+(y—v)]

IN

1 P 1
gmax{)gu}} +{6max{y,v}} \x ul+ - |y—v|

< ¢ (Imaxtxa P+ he—ul) + ¢ (maxty )P + 1y —])

= ay pp(x,u) +az pp(y,v),

A

Let X = [0,+o0) and p > 1. Define a partial b-metric p;, : X x X — [0,4-o0) by
Po(x,y) = [max{x, y}]” +[x—y[, VxyeX.

Then (X, pp,) is a partial b-metric space with coefficient s =27 > 1.
Consider the mapping f : X x X — X defined by f(x,y) = %. For any x,y,u,v € X, we have

Po(f(x,y), f(u,v)) = [max{f(x,y), f(u,v)}]” +[f(x,y) = ()]

max{x+y ”*VH é\(x+y)f(u+v)|

{5255
[1

IN

max{x,u} + émax{y,v}r—i— é|x—u\ + é|y—v|

7([max{x ul]? +[x—ul) + é([max{y,v}]p+|)’*v|)
= a1 pp(x,u) +az pp(y,v),

where a; = ay = é and a| +ay = % <1

Hence, by Corollary 3.4, f has a unique coupled fixed point (0,0) in X.
Now, consider f: X x X — X given by f(x,y) = *3¥. Then for x,y,u,v € X,

{x+y “;LV} %\(x+y)—(”+v)|

po(F(xy), f(u,v)) = [max{f(x,y), f(u,v)}]” +|f(x,y) = f(u,v)]
1 1
< 5 (fmax{x,u})? + |x —u) + 3 ([max{y,v}]” + |y —v|)
= ay pp(x,u) +az pp(y,v),

where a) = ap = % anda; +ay =1.
In this case, both (0,0) and (1,1) are coupled fixed points of f, so the coupled fixed point is not unique.
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4. Application

In this section, as an application of our results, we establish that Theorems 3.1 and 3.2 can be utilized to derive the well-posedness of the
coupled fixed point problem in partial b-metric spaces. We begin with the following definitions and theorem.

Definition 4.1 [23] Let (X,d) be a metric space and f : X — X be a mapping. The problem of finding a fixed point of f is said to be
well-posed if:

1. f has a unique fixed point xp,
2. for any sequence {x,} C X with lim,_,e d(fxy,x,) = 0, we have

lim d(x,,x9) = 0.
n—sco

Now, we extend the concept to coupled fixed points in partial b-metric spaces.
Let CoFP(f,X x X) denote a coupled fixed point problem of a mapping f, and let CoF (f) denote the set of all coupled fixed points of f:

GoF (f) ={(x,y) e X x X [ f(x,y) =x, f(y.x) =y}.
A coupled fixed point problem CoFP(f,X x X) is said to be well-posed if:

1. f has a unique coupled fixed point (x*,y*) € X x X,
2. for any sequences {x,},{y,} C X with

lim Pb(f(xn:}’n)7xn) =0 and lim ph(f(}’mxn)ayn) =0,
n—oo n—oo

we have
lim pp(xz,x") =0 and  lim py(yn,y*) = 0.

Definition 4.2 [17] Let (X, p;) be a partial b-metric space with coefficient s > 1, and let f : X x X — X be a mapping. The coupled fixed
point problem CoFP(f,X x X) is said to be well-posed if:

1. CoF (f) is unique,
2. for any sequences {x,},{y,} C X with (x*,y*) € CoF (f) and

nlgrolopb(f(xnuyn)vxn) =0= )g?opb(f(yn7x;1)7Yn)u
we have

X" = limx,, y"= limy,. 4.1)
n—oo

n—oo

Theorem 4.3

Let (X, pp) be a complete partial b-metric space with coefficient s > 1, and let f : X x X — X be a mapping satisfying the conditions of
Theorem 3.2. For any sequences {x, },{y,} C X with (x*,y*) € CoF (f), if

nlgrolopb(f(xnuyn)vxn) =0= ,}ggopb(f(yn7x;1)7Yn)u 4.2)

then the coupled fixed point problem of f is well-posed, and pp, (x*,x*) = 0 for some x* € X.
Proof

By Theorem 3.2, the mapping f has a unique coupled fixed point (xg,yo) € X x X. Let {x,},{y»} C X be sequences such that
lim py(f (xn,yn):Xn) = 0= lim py(f(yn,%n),Yn)-
n—yo0 n—o0

Assume that (xp,y9) # (x,,yn) for any nonnegative integer n. Using f(xo,y0) = xo and f(yg,x0) = yo, we have

Pb(x07xn) < Pb(f(xo7)’0)7f(xn7yn)) +Pb( (x,,,y,l),xn) ( (xnvyn)’f(xnvyn))
< pu(f(x0,50)5 f (XnsYn)) + 2o (f (X, Yn) s Xn)
< aypp(x0,%n) +a2pp(y0,¥n) + a3 pp (f (x0,¥0),%0) + aspp (f (Xn, Yn), %n)

+aspp(f(x0,50),Xn) +aspp(f (Xu,¥n),%0)
),%0)

Po(f (Xn,Yn)5 %) [1+ pu(f(x0, Y0
1 +pb(x07xn)

,X0)]

+ay + pu(f (XnsYn) s %n)-

Now, using the fact that (xo,yq) is a coupled fixed point, pj(f(x0,y0),x0) = 0, and applying the properties of the partial b-metric, inequality
(??) reduces to

Pp(X0,%a) < (a1 +as +as) py(x0,Xn) +a2pp (Yo, yn) + (a4 + a7 4+ 1) pp(f (Xn, Y1), %n)-
Similarly, we obtain

Po(Y0,yn) < (a1 +as+as)py(y0,¥n) + a2 pp(x0,%1) + (a4 + a7+ 1) pp(f (Vn,Xn), Yn)-



Applied Mathematics on Science and Engineering, 3(1):36—49, 2026. DOI: 10.65036/amse314 47
Adding (4.5) and (4.6), we get
Pb(x0,%) + pp(y0,¥n) < (a1 +az +as +ag) [py(x0, %) + Pp (Y0, )] + €n,
where
&= (as+a7+1) [Pb(f(xn7Yn)7xn) +pb(f()’n7xn)»yn)] —0 asn—roo
Since aj +ay +as +ag < 1, taking the limit 7 — oo yields
hm [pb(x07xn) +Pb()’07}’n)} = 07
n—oo
which implies
’}Lrgoxn =xo and Jggcyn = Yo-
Thus, the coupled fixed point problem of f is well-posed and pj,(xg,xo) = O for some xp € X.
Po(30,Yn) < pp(f(30:%0), f Vs Xn)) + Do (f Vs Xn )5 Yn) — P (f s X )5 f (Vs X))
< 2o (f(30,%0)s £ (Vs %n)) + P (f (s Xn) s )
< alpb(YO7yl’l) +a2pb(x07xl’l) +a3pb(f(y07x0)ay0) +a4ph(f(Yn7xn)7)’n)
+aspp(f(¥0:%0),¥n) +acpp(f (Yn:Xn),¥0)
Pu(f nsXn),n) [1+ pb(f (Y0, %0),Y0)]
+ay + b (f (YnsXn),y
1+ pp(y0,yn) (FOnr3n).m)
= (a1 +as +ag) pp(Yo,¥n) +az2pp(x0, %) + (as + a7 + 1) pp (f (¥, %n), Yn)-
Since
lim pb(f(xmyn)vx()) =0= lim pb(f(yn>xn)7y0)7
n—soo n—soo
for (xp,y0) € CoF (f), and using condition (pb3) of Definition 2.5 in (4.3) and (4.4), we get
Jim py(x0,%) < (a1 +as) lim pp(x0,%a) +az lim py(y0,n); (4.5)
and
Jim py(y0,yn) < (a1 +as) lim py(vo,yn) +a2 lim pp(x0,%n)- (4.6)
Now, set
M = lim pj(x0,x,) and N = lim p;(y0,yn), 4.7)
n—oo Nn—yoo
Adding (4.5) and (4.6), we have
M+N <(aj+as)(M+N)+a(M+N)
= (a1 +az+as)(M+N)
<M+N, (4.8)
since aj +az +as < 1. A contradiction arises, since a; +ay +as < 1. Hence,
hm M+ lim N =0,
—yo0 n—oo
that is,
Jim pp(x0,%) + im pp(y0,yn) =0
implies
Xo=limx, and yg= limy,. 4.9)
n—oo n—soo

Thus, the coupled fixed point is well-posed.

If we set a7 = 0 in Theorem 4.3, then we obtain the following corollary, corresponding to Theorem 3.3 of [20].

Corollary 4.4 Let (X, p;) be a complete partial b-metric space with coefficient s > 1 and let f: X x X — X be a mapping. For any sequences

{xn},{yn} C X with (x,y) € CoF (f), if
,}i;fopb(f(xnvyn)vxn) =0= Jgrgcpb(f(yn»xn)7yn)v
then the coupled fixed point problem of f is well-posed, and

pp(x,x) =0 for some x € X.
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5. Conclusion

In this paper, we establish some coupled fixed point results for contractive mappings in a partial b-metric space. Examples are provided
to support the results and concepts presented herein. As an application of our results, we prove the well-posedness of coupled fixed point
problems.
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