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Abstract

In (Mediterr. J. Math. 11, 703–711, 2014), Shukla introduced the concept of partial b-metric
spaces as a generalization of partial metric and b-metric spaces. The purpose of this article
is to establish some coupled fixed point results for contractive mappings in a partial b-metric
space. Examples are provided to support the results and concepts presented herein. As an
application of our results, we prove the well-posedness of coupled fixed point problems.

1. Introduction

Banach’s fixed point theorems for contraction mappings is one of the pivotal results of mathematical analysis. Banach contraction principle
[1] is one of the most notable results which has played a vital role in the development of a metric fixed point theory. This principle and its
variants provide a useful apparatus in guaranteeing the existence and uniqueness of solutions of various nonlinear problems: differential
equations, integral equations, optimization problems, variational inequalities. Since its introduction, the Banach contraction mapping
principle has been generalized and refined in numerous ways, leading to a wealth of articles dedicated to its improvement [2–7].

Matthews [8] introduced the notion of a partial metric space as a part of the study of denotational semantics of data for networks,
showing that the contraction mapping principle can be generalized to the partial metric context for applications in program verification. In
the mentioned papers, Mathews studied topological properties of partial metric spaces and stated a modified version of a Banach contraction
mapping principle on the space. Existence of fixed points in partial ordered metric spaces was first investigated by Turinici [9]. Ran and
Reurings [10] studied the existence of fixed points for certain mappings in partially ordered metric spaces and applied their results to matrix
equations. Their results were later extended by Nieto and Lopez [11] for non decreassing mappings and obtained the solutions of certain
partial differential equations with periodic boundary conditions. The concept of mixed monotone property for contractive operators of the

How To Cite: M. Raji, Y.J. Danjuma, M.B. David, I. Adaji and A. Ibrahim. Nonlinear Contraction-Based Coupled Fixed Point Theorems in Partial b-Metric Spaces with
Applications. Applied Mathematics on Science and Engineering, 3(1):36–49, 2026. https://doi.org/10.65036/amse314

https://orcid.org/0000-0002-4354-2323


Applied Mathematics on Science and Engineering, 3(1):36–49, 2026. DOI: 10.65036/amse314 37

form F : X → X ×X was first introduced by Bhaskar and Lakshmikantham [12] where X is a partially ordered metric, and then established
some coupled fixed point theorems.

Czerwik [13] had an excellent idea to introduced the concepts of b-metric spaces by weakening the coefficient of the triangle inequality
and generalized Banach’s Contraction Principle. Subsequently, Boriceanu [14] obtained some concrete examples of b-metric spaces and
studied the fixed-point properties of set-valued operators in b-metric spaces.

Aydi [15] introduced some coupled fixed point results for mappings satisfying different contractive conditions on complete partial
metric spaces. Later on, Shukla [16] introduced partial b-metric spaces as a generalization of both b-metric spaces and partial metric spaces.
Moreover, he proved Banach contraction principle as well as the Kannan type fixed point theorem in partial b-metric spaces. Recently, Saluja
[17] established some coupled fixed point results for contractive type conditions in the framework of partial b-metric space.

In view of the above considerations, we prove some coupled fixed point results for contractive mappings in a partial b-metric space.
Examples are provided to support results and concepts presented herein. As an application of our results, we prove well-posedness of coupled
fixed point problems.

Throughout the article, we denote by R the set of all real numbers, by R+ the set of all positive real numbers and by N the set of natural
numbers.

2. Preliminaries

We start this section by presenting some relevant definitions and lemma.

Definition 2.1 [18] Let X be a non-empty set and s ≥ 1 be a given real number. If a function d : X ×X → R+ satisfies the following
conditions:

(b1) d(x,y) = 0 iff x = y
(b2) d(x,y) = d(y,x)
(b3) d(x,y)≤ s[d(x,z)+d(z,y)] for all x,y ∈ X ,

then the pair (X ,d) is called a b-metric space.

Remark 2.2 The class of b-metric spaces is larger than the class of metric spaces since any metric space is a b-metric space with constant
s = 1. Therefore, it is obvious that b-metric spaces generalize metric spaces.

We can present an example, which show that introducing a b-metric space instead of a metric space is meaningful since there exist
b-metric spaces which are not metric spaces.

Example 2.3 Let X = [0,∞) and d : X ×X → R+ defined by

d(x,y) = |x− y|p,

where p is a real number such that p > 1. Let x,y,z ∈ X . By taking u = x− z and v = z− y, we have

|x− y|p = |u+ v|p ≤ (|u|+ |v|)p

≤ (2max{|u|, |v|})p

≤ 2p(|x− z|p + |z− y|p)

which implies that

d(x,y)≤ 2p[d(x,z)+d(z,y)].

Therefore (X ,d) is a b-metric space with coefficient 2p. On the other hand, for x > z > y, we have

|x− y|p = |u+ v|p = (u+ v)p > up + vp

= (x− z)p +(z− y)p = |x− z|p + |z− y|p,

which implies that

d(x,y)> d(x,z)+d(z,y).

Therefore (X ,d) is not a metric space.

Definition 2.4 [19, 20]Let X be a nonempty set. A mapping

p : X ×X → R+

is said to be a partial metric on X if for all x,y,z ∈ X the following conditions are satisfied:

(p1) x = y if and only if p(x,x) = p(x,y) = p(y,y);
(p2) p(x,x)≤ p(x,y);
(p3) p(x,y) = p(y,x);
(p4) p(x,y)≤ p(x,z)+ p(z,y)− p(z,z).
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In this case, the pair (X , p) is called a partial metric space.
The most basic example of a partial metric space is the pair (R+, p), where

p(x,y) = max{x,y}

for all x,y ∈ R+.

Definition 2.5 [16] A partial b-metric on a nonempty set X is a function

pb : X ×X → R+

such that for all x,y,z ∈ X :

(pb1) x = y if and only if pb(x,x) = pb(x,y) = pb(y,y);
(pb2) pb(x,x)≤ pb(x,y);
(pb3) pb(x,y) = pb(y,x);
(pb4) there exists a real number s ≥ 1 such that

pb(x,y)≤ s[pb(x,z)+ pb(z,y)− pb(z,z)].

A partial b-metric space is a pair (X , pb) such that X is a nonempty set and pb is a partial b-metric on X . The number s is called the coefficient
of (X , pb).

Remark 2.6 In a partial b-metric space (X , pb) if x,y ∈ X and pb(x,y) = 0, then x = y, but the converse may not be true.

Remark 2.7 It is clear that every partial metric space is a partial b-metric space with coefficient s = 1 and every b-metric space is a partial
b-metric space with the same coefficient and zero self-distance. However, the converse of this fact need not hold.
The following example shows that the converse of these facts need not hold.

Example 2.8 Let X = {0,1,2} and define

pb : X ×X → R+

as follows:

pb(0,0) = 0, pb(1,1) = 4, pb(0,1) = pb(1,0) = 8,

pb(2,2) = 2, pb(0,2) = pb(2,0) = 5, pb(1,2) = pb(2,1) = 4.

Because pb(2,2) = 2 ̸= 0. Thus, condition (b1) is not established, therefore (X , pb) is not a b-metric space. Since

8 = pb(0,1)> pb(0,2)+ pb(2,1)− pb(2,2) = 5+4−2 = 7,

thus, condition (pb4) is not established, therefore (X , pb) is not a partial metric space. But, we know (X , pb) is a partial b-metric space with
constant s ≥ 2.

Definition 2.9 [16] Let (X , pb) be a partial b-metric space with coefficient s. Then:

(i) A sequence {xn} in (X , pb) is said to be convergent with respect to τpb and converges to a point x ∈ X , if

lim
n→∞

pb(xn,x) = pb(x,x).

(ii) A sequence {xn} is said to be a Cauchy sequence in (X , pb) if

lim
n,m→∞

pb(xn,xm)

exists and is finite.
(iii) (X , pb) is said to be a complete partial b-metric space if for every Cauchy sequence {xn} in X there exists x ∈ X such that

lim
n,m→∞

pb(xn,xm) = lim
n→∞

pb(xn,x) = pb(x,x).

(iv) A mapping g : X → X is said to be continuous at x0 ∈ X if for every ε > 0 there exists δ > 0 such that

g
(
Bpb(x0,δ )

)
⊂ Bpb

(
g(x0),ε

)
.

Note. In a partial b-metric space the limit of a convergent sequence may not be unique.

Example 2.10 [16] Let X = [0,+∞), c > 0 be any constant and define

pb : X ×X → [0,+∞)

by

pb(x,y) = max{x,y}+ c
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for all x,y ∈ X .
Then (X , pb) is a partial b-metric space with arbitrary coefficient s ≥ 1. Now define a sequence {xn} in X by

xn = 1 for all n ∈ N.

Note that, if y ≥ 1, we have

pb(xn,y) = y+ c = pb(y,y),

therefore

lim
n→∞

pb(xn,y) = pb(y,y)

for all y ≥ 1. Thus, the limit of a convergent sequence in a partial b-metric space need not be unique.

Definition 2.11 [21] An element (x,y) ∈ X ×X is said to be a coupled fixed point of the mapping

f : X ×X → X

if

f (x,y) = x and f (y,x) = y.

Example 2.12 [22] Let X = [0,+∞) and f : X ×X → X be defined by

f (x,y) =
x+ y

6

for all x,y ∈ X . One can easily see that f has a unique coupled fixed point (0,0).

Example 2.13 [22] Let X = [0,+∞) and f : X ×X → X be defined by

f (x,y) =
x+ y

2

for all x,y ∈ X . Then we see that f has two coupled fixed points (0,0) and (1,1), that is, the coupled fixed point is not unique.

3. Main Results

In this section, we begin with the following theorem.

Theorem 3.1 Let (X , pb) be a complete partial b-metric space with constant s ≥ 1. Let

f : X ×X → X

be a mapping satisfying the following condition:

pb
(

f (x,y), f (u,v)
)
≤ λ

s2 max
{

pb(x,u), pb( f (x,y),x), pb( f (u,v),u),
pb( f (u,v),u) [1+ pb( f (x,y),x)]

1+ pb(x,u)

}
(3.1)

for all x,y,u,v ∈ X and λ ∈ (0,1). Then f has a unique coupled fixed point in X and pb(a,a) = 0 for some a ∈ X .

Proof. Let x0,y0 ∈ X be arbitrary points in X . Let

x1 = f (x0,y0), y1 = f (y0,x0).

Again let

x2 = f (x1,y1), y2 = f (y1,x1).

Continuing this process, we construct two sequences {xn} and {yn} of points in X such that

xn+1 = f (xn,yn), yn+1 = f (yn,xn), for all n ∈ N.

Now, by using (3.1) and (pb2), (pb3) of Definition 2.5, we get

pb(xn,xn+1) = pb
(

f (xn−1,yn−1), f (xn,yn)
)

(1)

≤ λ

s2 max
{

pb(xn−1,xn), pb
(

f (xn−1,yn−1),xn−1
)
, pb

(
f (xn,yn),xn

)
,

pb( f (xn,yn),xn) [1+ pb( f (xn−1,yn−1),xn−1)]

1+ pb(xn−1,xn)

}
(2)

=
λ

s2 max
{

pb(xn−1,xn), pb(xn,xn−1), pb(xn+1,xn),
pb(xn+1,xn) [1+ pb(xn,xn−1)]

1+ pb(xn−1,xn)

}
(3)

=
λ

s2 max{pb(xn−1,xn), pb(xn+1,xn)} . (3.2)
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Similarly, we get

pb(yn,yn+1) = pb
(

f (yn−1,xn−1), f (yn,xn)
)

(4)

≤ λ

s2 max{pb(yn−1,yn), pb(yn+1,yn)} . (3.3)

Set

An = pb(xn,xn+1) and Bn = pb(yn,yn+1) (3.4)

µ1 = max{An−1,An} (3.5)

and

µ2 = max{Bn−1,Bn}. (3.6)

Again, set

Cn = An +Bn (5)

= pb(xn,xn+1)+ pb(yn,yn+1). (3.7)

From (3.2)–(3.7), we have

Cn ≤
λ

s2 (µ1 +µ2). (3.8)

If µ1 = An and µ2 = Bn, then from (3.8) we have

Cn ≤
λ

s2 (An +Bn) =
λ

s2 Cn,

that is, (
1− λ

s2

)
Cn ≤ 0,

a contradiction, since λ ∈ (0,1) and s ≥ 1.
Hence,

Cn ≤
λ

s2 (An−1 +Bn−1) =
λ

s2 Cn−1. (3.9)

Then, by repeated application of (3.9) for each n ∈ N, we have

Cn ≤
λ

s2 Cn−1 ≤
(

λ

s2

)2
Cn−2 ≤ ·· · ≤

(
λ

s2

)n
C0. (3.10)

If C0 = 0, then

pb(x0,x1)+ pb(y0,y1) = 0.

Hence, we get

x0 = x1 = f (x0,y0) and y0 = y1 = f (y0,x0),

which implies that (x0,y0) is a coupled fixed point of f .
Now, assume C0 > 0. For each n > m where n,m ∈ N, we have by using condition (pb4) of Definition 2.5

pb(xn,xm)≤ s
[
pb(xn,xn+1)+ pb(xn+1,xm)

]
− pb(xn+1,xn+1)

≤ s pb(xn,xn+1)+ s2[pb(xn+1,xn+2)+ pb(xn+2,xm)
]
− s pb(xn+2,xn+2)

≤ s pb(xn,xn+1)+ s2 pb(xn+1,xn+2)+ s3 pb(xn+2,xn+3)+ · · ·+ sm−n pb(xm−1,xm). (3.11)

Similarly, we have

pb(yn,ym)≤ s pb(yn,yn+1)+ s2 pb(yn+1,yn+2)+ s3 pb(yn+2,yn+3)+ · · ·+ sm−n pb(ym−1,ym). (3.12)

Adding (3.11) and (3.12), we get

pb(xn,xm)+ pb(yn,ym)≤ sCn + s2 Cn+1 + s3 Cn+2 + · · ·+ sm−n Cm−1

≤
[
s
(

λ

s2

)n
+ s2

(
λ

s2

)n+1
+ s3

(
λ

s2

)n+2
+ · · ·+ sm−n

(
λ

s2

)m−1 ]
C0

=

[
m−n

∑
i=1

si
(

λ

s2

)i+n−1
]

C0 =

[
m−1

∑
t=1

st
(

λ

s2

)t
]

C0

≤

[
n

∑
t=1

(
λ

s2

)t
]

C0 =

(
λ

s2

)n

1− λ

s2

C0. (3.13)
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As λ ∈ (0,1/s) and s ≥ 1, from (3.13) we get

pb(xn,xm)+ pb(yn,ym)→ 0 as n → ∞.

This proves that {xn} and {yn} are Cauchy sequences in (X , pb).
Since (X , pb) is complete, there exist x∗,y∗ ∈ X such that

xn → x∗, yn → y∗ as n → ∞,

and

pb(x
∗,x∗) = lim

n→∞
pb(xn,x∗) = lim

n,m→∞
pb(xn,xm) = 0, (3.14)

pb(y
∗,y∗) = lim

n→∞
pb(yn,y∗) = lim

n,m→∞
pb(yn,ym) = 0. (3.15)

Now, we prove that

x∗ = f (x∗,y∗) and y∗ = f (y∗,x∗).

Arguing by contradiction, assume that x∗ ̸= f (x∗,y∗) and y∗ ̸= f (y∗,x∗), so that

D1 = pb(x
∗, f (x∗,y∗))> 0 and D2 = pb(y

∗, f (y∗,x∗))> 0.

Then

D1 = pb(x
∗, f (x∗,y∗))

≤ pb(x
∗,xn+1)+ pb(xn+1, f (x∗,y∗))− pb(xn+1,xn+1)

≤ pb(x
∗,xn+1)+ pb(xn+1, f (x∗,y∗))

= pb(xn+1, f (x∗,y∗))+ pb(x
∗,xn+1)

= pb( f (xn,yn), f (x∗,y∗))+ pb(x
∗,xn+1)

≤ λ

s2 max

{
pb(xn,x∗), pb( f (xn,yn),xn), pb( f (x∗,y∗),x∗),

pb( f (x∗,y∗),x∗) [1+ pb( f (xn,yn),xn)]

1+ pb(xn,x∗)

}

=
λ

s2 max

{
pb(xn,x∗), pb(xn+1,xn), pb( f (x∗,y∗),x∗),

pb( f (x∗,y∗),x∗) [1+ pb(xn+1,xn)]

1+ pb(xn,x∗)

}
. (3.16)

On taking the limit n → ∞ in (3.16) and using (3.14), we get

D1 ≤
λ

s2 pb(x
∗, f (x∗,y∗)) =

λ

s2 D1,

a contradiction, since λ ∈ (0,1) and s ≥ 1. Hence, D1 = 0, that is,

pb(x
∗, f (x∗,y∗)) = 0 and therefore x∗ = f (x∗,y∗).

Similarly, we can show that

y∗ = f (y∗,x∗).

Thus, (x∗,y∗) is a coupled fixed point of f .
To show uniqueness of the coupled fixed point, suppose that (w,z) is another coupled fixed point of f such that (x∗,y∗) ̸= (w,z). Then from
(3.1), (3.14), (3.15), and condition (pb3) of Definition 2.5, we have

pb(x
∗,w) = pb( f (x∗,y∗), f (w,z))

≤ λ

s2 max

{
pb(x

∗,w), pb( f (x∗,y∗),x∗), pb( f (w,z),w),
pb( f (w,z),w) [1+ pb( f (x∗,y∗),x∗)]

1+ pb(x∗,w)

}

=
λ

s2 max

{
pb(x

∗,w), pb(x
∗,y∗), pb(w,w),

pb(w,w) [1+ pb(x∗,x∗)]
1+ pb(x∗,w)

}

=
λ

s2 max{pb(x
∗,w),0,0,0}

=
λ

s2 pb(x
∗,w). (3.17)

a contradiction, since λ ∈ (0,1) and s ≥ 1. Hence, we have

pb(x
∗,w) = 0 and so x∗ = w.

Similarly, we can show that y∗ = z. Thus, f has a unique coupled fixed point in X .
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Theorem 3.2 Let (X , pb) be a complete partial b-metric space with constant s ≥ 1. Let

f : X ×X → X

be a mapping satisfying the following condition:

pb( f (x,y), f (u,v))≤ a1 pb(x,u)+a2 pb(y,v)+a3 pb( f (x,y),x)+a4 pb( f (u,v),u)

+a5 pb( f (x,y),u)+a6 pb( f (u,v),x)+a7
pb( f (u,v),u) [1+ pb( f (x,y),x)]

1+ pb(x,u)
(3.18)

for all x,y,u,v ∈ X , where a1,a2,a3,a4,a5,a6,a7 ≥ 0 such that

a1 +a2 +a3 +a4 +a5 +2sa6 +a7 < 1.

Then f has a unique coupled fixed point in X .

Proof. Let x0,y0 ∈ X be any arbitrary points in X . Define

x1 = f (x0,y0), y1 = f (y0,x0), x2 = f (x1,y1), y2 = f (y1,x1),

and continue this process to construct two sequences {xn} and {yn} in X such that

xn+1 = f (xn,yn), yn+1 = f (yn,xn), ∀n ∈ N.

Set

αn = pb(xn,xn+1), βn = pb(yn,yn+1).

Now, using (3.18) and (pb2), (pb3) of Definition 2.5, we get

pb(xn,xn+1) = pb( f (xn−1,yn−1), f (xn,yn))

≤ a1 pb(xn−1,xn)+a2 pb(yn−1,yn)+a3 pb( f (xn−1,yn−1),xn−1)+a4 pb( f (xn,yn),xn)

+a5 pb( f (xn−1,yn−1),xn)+a6 pb( f (xn,yn),xn−1)+a7
pb( f (xn,yn),xn)[1+ pb( f (xn−1,yn−1),xn−1)]

1+ pb(xn−1,xn)

= a1 pb(xn−1,xn)+a2 pb(yn−1,yn)+a3 pb(xn,xn−1)+a4 pb(xn+1,xn)

+a5 pb(xn,xn)+a6 pb(xn+1,xn−1)+a7
pb(xn+1,xn)[1+ pb(xn,xn−1)]

1+ pb(xn−1,xn)

≤ a1 pb(xn−1,xn)+a2 pb(yn−1,yn)+a3 pb(xn,xn−1)+a4 pb(xn+1,xn)

+a5 pb(xn,xn+1)+a6
[
s(pb(xn+1,xn)+ pb(xn,xn−1))− pb(xn,xn)

]
+a7

pb(xn+1,xn)[1+ pb(xn,xn−1)]

1+ pb(xn−1,xn)

≤ a1 pb(xn−1,xn)+a2 pb(yn−1,yn)+a3 pb(xn,xn−1)+a4 pb(xn+1,xn)

+a5 pb(xn,xn+1)+a6s[pb(xn+1,xn)+ pb(xn,xn−1)]+a7 pb(xn+1,xn)

= (a1 +a3 + sa6) pb(xn−1,xn)+(a4 +a5 + sa6 +a7) pb(xn+1,xn)+a2 pb(yn−1,yn). (3.19)

Since αn = pb(xn,xn+1) and βn = pb(yn,yn+1), from (3.19) we have

αn ≤ (a1 +a3 + sa6)αn−1 +(a4 +a5 + sa6 +a7)αn +a2 βn−1. (3.20)

Similarly, we obtain

pb(yn,yn+1) = pb( f (yn−1,xn−1), f (yn,xn))

≤ (a1 +a3 + sa6) pb(yn−1,yn)+(a4 +a5 + sa6 +a7) pb(yn+1,yn)+a2 pb(xn−1,xn). (3.21)

It follows that

βn ≤ (a1 +a3 + sa6)βn−1 +(a4 +a5 + sa6 +a7)βn +a2 αn−1. (3.22)

Set

γn = αn +βn. (3.23)

Adding (3.20) and (3.22), we get

γn = αn +βn

≤ (a1 +a3 + sa6)(αn−1 +βn−1)+(a4 +a5 + sa6 +a7)(αn +βn)+a2(αn−1 +βn−1)

= (a1 +a3 + sa6)γn−1 +(a4 +a5 + sa6 +a7)γn +a2 γn−1

= (a1 +a2 +a3 + sa6)γn−1 +(a4 +a5 + sa6 +a7)γn. (3.24)
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It follows that

γn ≤
a1 +a2 +a3 + sa6

1− (a4 +a5 + sa6 +a7)
γn−1. (3.25)

Let

t =
a1 +a2 +a3 + sa6

1− (a4 +a5 + sa6 +a7)
.

Since a1 +a2 +a3 +a4 +a5 +2sa6 +a7 < 1, it follows that t < 1. Hence,

γn ≤ t γn−1, ∀n ∈ N. (3.26)

Repeating the application of (3.26) for all n ∈ N, we have

γn ≤ t γn−1 ≤ t2
γn−2 ≤ ·· · ≤ tn

γ0. (3.27)

If γ0 = 0, that is, pb(x0,x1)+ pb(y0,y1) = 0, then we have

x0 = x1 = f (x0,y0) and y0 = y1 = f (y0,x0),

which implies that (x0,y0) is a coupled fixed point of f .
Now, assume γ0 > 0. For each n > m with n,m ∈ N, using condition (pb4) of Definition 2.5, we get

pb(xn,xm)≤ s
[
pb(xn,xn+1)+ pb(xn+1,xm)

]
− pb(xn+1,xn+1)

≤ s pb(xn,xn+1)+ s2[pb(xn+1,xn+2)+ pb(xn+2,xm)
]
− s pb(xn+2,xn+2)

≤ s pb(xn,xn+1)+ s2 pb(xn+1,xn+2)+ s3 pb(xn+2,xn+3)+ · · ·+ sm−n pb(xm−1,xm). (3.28)

Similarly,

pb(yn,ym)≤ s pb(yn,yn+1)+ s2 pb(yn+1,yn+2)+ s3 pb(yn+2,yn+3)+ · · ·+ sm−n pb(ym−1,ym). (3.29)

Adding (3.28) and (3.29), we get

pb(xn,xm)+ pb(yn,ym)≤ sγn + s2
γn+1 + s3

γn+2 + · · ·+ sm−n
γm−1

≤
[
stn + s2 tn+1 + s3 tn+2 + · · ·+ sm−n tm−1]

γ0

=
[m−n

∑
r=1

srtr+n−1
]
γ0 =

[m−1

∑
p=1

spt p
]
γ0

≤
[ n

∑
p=1

(st)p
]
γ0 =

(st)n

1− st
γ0. (3.30)

As t ∈ (0,1) and s ≥ 1, it follows from (3.30) that

pb(xn,xm)+ pb(yn,ym)→ 0 as n → ∞.

This proves that the sequences {xn} and {yn} are Cauchy sequences in (X , pb). Since (X , pb) is complete, there exist x∗,y∗ ∈ X such that
xn → x∗, yn → y∗ as n → ∞ and

pb(x
∗,x∗) = lim

n→∞
pb(xn,x∗) = lim

n,m→∞
pb(xn,xm) = 0, (3.31)

pb(y
∗,y∗) = lim

n→∞
pb(yn,y∗) = lim

n,m→∞
pb(yn,ym) = 0. (3.32)

Now, we show that x∗ = f (x∗,y∗) and y∗ = f (y∗,x∗). Arguing by contradiction, assume that x∗ ̸= f (x∗,y∗) and y∗ ̸= f (y∗,x∗), so that

M = pb(x
∗, f (x∗,y∗))> 0 and N = pb(y

∗, f (y∗,x∗))> 0.

Then,

M = pb(x
∗, f (x∗,y∗))

≤ pb(x
∗,xn+1)+ pb(xn+1, f (x∗,y∗))− pb(xn+1,xn+1)

≤ pb(x
∗,xn+1)+ pb(xn+1, f (x∗,y∗))

= pb(xn+1, f (x∗,y∗))+ pb(x
∗,xn+1)

= pb( f (xn,yn), f (x∗,y∗))+ pb(x
∗,xn+1)

≤ a1 pb(xn,x∗)+a2 pb(yn,y∗)+a3 pb( f (xn,yn),xn)+a4 pb( f (x∗,y∗),x∗)

+a5 pb( f (xn,yn),x∗)+a6 pb( f (x∗,y∗),xn)+a7
pb( f (x∗,y∗),x∗)[1+ pb( f (xn,yn),xn)]

1+ pb(xn,x∗)
+ pb(x

∗,xn+1)

= a1 pb(xn,x∗)+a2 pb(yn,y∗)+a3 pb(xn+1,xn)+a4 pb( f (x∗,y∗),x∗)+a5 pb(xn+1,x∗)

+a6 pb( f (x∗,y∗),xn)+a7
pb( f (x∗,y∗),x∗)[1+ pb(xn+1,xn)]

1+ pb(xn,x∗)
+ pb(x

∗,xn+1). (3.33)
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On taking the limit as n → ∞ in (3.33) and using (3.31), we obtain

M ≤ (a4 +a6 +a7) pb(x
∗, f (x∗,y∗)) = (a4 +a6 +a7)M. (3.34)

This is a contradiction, since a4 +a6 +a7 < 1. Hence, M = 0, that is,

pb(x
∗, f (x∗,y∗)) = 0,

and therefore

x∗ = f (x∗,y∗).

Similarly, we can show that y∗ = f (y∗,x∗). Thus, (x∗,y∗) is a coupled fixed point of f .

To show the uniqueness of the coupled fixed point, suppose that (w,z) is another coupled fixed point of f such that (x∗,y∗) ̸= (w,z). Then
from (3.18), (3.31), (3.32) and condition (pb3) of Definition 2.5, we have

pb(x
∗,w) = pb( f (x∗,y∗), f (w,z))

≤ a1 pb(x
∗,w)+a2 pb(y

∗,z)+a3 pb( f (x∗,y∗),x∗)+a4 pb( f (w,z),w)

+a5 pb( f (x∗,y∗),w)+a6 pb( f (w,z),x∗)+a7
pb( f (w,z),w) [1+ pb( f (x∗,y∗),x∗)]

1+ pb(x∗,w)

= a1 pb(x
∗,w)+a2 pb(y

∗,z)+a3 pb(x
∗,x∗)+a4 pb(w,w)

+a5 pb(x
∗,w)+a6 pb(w,x

∗)+a7
pb(w,w) [1+ pb(x∗,x∗)]

1+ pb(x∗,w)

= (a1 +a5 +a6) pb(x
∗,w)+a2 pb(y

∗,z). (3.35)

Similarly,

pb(y
∗,z) = pb( f (y∗,x∗), f (z,w))

≤ (a1 +a5 +a6)pb(y
∗,z)+a2 pb(x

∗,w). (3.36)

Adding (3.35) and (3.36), we get

pb(x
∗,w)+ pb(y

∗,z)≤ (a1 +a5 +a6)[pb(x
∗,w)+ pb(y

∗,z)]+a2[pb(x
∗,w)+ pb(y

∗,z)]

= (a1 +a2 +a5 +a6)[pb(x
∗,w)+ pb(y

∗,z)]. (3.37)

This is a contradiction, since a1 +a2 +a5 +a6 < 1. Hence, we have

pb(x
∗,w)+ pb(y

∗,z) = 0 and so x∗ = w and y∗ = z.

Thus, f has a unique coupled fixed point in X .

Corollary 3.3 Let (X , pb) be a complete partial b-metric space with constant s ≥ 1. Let

f : X ×X → X

be a mapping satisfying the following condition:

pb( f (x,y), f (u,v))≤ a1 pb(x,u)+a2 pb(y,v)+a3 pb( f (x,y),x)+a4 pb( f (u,v),u)

+a5 pb( f (x,y),u)+a6 pb( f (u,v),x) (3.38)

for all x,y,u,v ∈ X , where a1,a2,a3,a4,a5,a6 ≥ 0 such that

a1 +a2 +a3 +a4 +a5 +2sa6 < 1.

Then f has a unique coupled fixed point in X .

Corollary 3.4 Let (X , pb) be a complete partial b-metric space with constant s ≥ 1. Let

f : X ×X → X

be a mapping satisfying the following condition:

pb( f (x,y), f (u,v))≤ a1 pb(x,u)+a2 pb(y,v) (3.39)

for all x,y,u,v ∈ X , where a1,a2 ≥ 0 such that

a1 +a2 < 1.

Then f has a unique coupled fixed point in X .

Proof Let a3 = a4 = a5 = a6 = a7 = 0 in Theorem 3.2. Then the result follows immediately.
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Corollary 3.5 Let (X , pb) be a complete partial b-metric space with constant s ≥ 1. Let

f : X ×X → X

be a mapping satisfying the following condition:

pb( f (x,y), f (u,v))≤ λ

s2 max
{

pb(x,u), pb( f (x,y),x), pb( f (u,v),u)
}

(3.40)

for all x,y,u,v ∈ X and λ ∈ (0,1). Then f has a unique coupled fixed point in X and pb(a,a) = 0 for some a ∈ X .

Example 3.6 Let X = [0,+∞). Let p be a real number such that p > 1, and let X be endowed with the usual partial b-metric pb defined by

pb : X ×X → [0,+∞), pb(x,y) = [max{x,y}]p + |x− y|,

for all x,y ∈ X . Then (X , pb) is a partial b-metric space with arbitrary coefficient s = 2p > 1.
Consider the mapping

f : X ×X → X , f (x,y) =
x+ y

6
.

Now, for any x,y,u,v ∈ X ,

pb( f (x,y), f (u,v)) =
[

max{ f (x,y), f (u,v)}
]p

+
∣∣ f (x,y)− f (u,v)

∣∣
=

[
max

{
x+ y

6
,

u+ v
6

}]p
+

∣∣∣∣x+ y
6

− u+ v
6

∣∣∣∣
=

[
1
6

max{x+ y,u+ v}
]p

+
1
6
|(x+ y)− (u+ v)|

≤
[

1
6

max{x,u}+ 1
6

max{y,v}
]p

+
1
6
|(x−u)+(y− v)|

≤
[

1
6

max{x,u}
]p

+

[
1
6

max{y,v}
]p

+
1
6
|x−u|+ 1

6
|y− v|

≤ 1
6

(
[max{x,u}]p + |x−u|

)
+

1
6

(
[max{y,v}]p + |y− v|

)
= a1 pb(x,u)+a2 pb(y,v),

Let X = [0,+∞) and p > 1. Define a partial b-metric pb : X ×X → [0,+∞) by

pb(x,y) = [max{x,y}]p + |x− y|, ∀x,y ∈ X .

Then (X , pb) is a partial b-metric space with coefficient s = 2p > 1.
Consider the mapping f : X ×X → X defined by f (x,y) = x+y

6 . For any x,y,u,v ∈ X , we have

pb( f (x,y), f (u,v)) =
[

max{ f (x,y), f (u,v)}
]p

+ | f (x,y)− f (u,v)|

=

[
max

{
x+ y

6
,

u+ v
6

}]p
+

1
6
|(x+ y)− (u+ v)|

≤
[

1
6

max{x,u}+ 1
6

max{y,v}
]p

+
1
6
|x−u|+ 1

6
|y− v|

≤ 1
6
(
[max{x,u}]p + |x−u|

)
+

1
6
(
[max{y,v}]p + |y− v|

)
= a1 pb(x,u)+a2 pb(y,v),

where a1 = a2 =
1
6 and a1 +a2 =

1
3 < 1.

Hence, by Corollary 3.4, f has a unique coupled fixed point (0,0) in X .
Now, consider f : X ×X → X given by f (x,y) = x+y

2 . Then for x,y,u,v ∈ X ,

pb( f (x,y), f (u,v)) =
[

max{ f (x,y), f (u,v)}
]p

+ | f (x,y)− f (u,v)|

=

[
max

{
x+ y

2
,

u+ v
2

}]p
+

1
2
|(x+ y)− (u+ v)|

≤ 1
2
(
[max{x,u}]p + |x−u|

)
+

1
2
(
[max{y,v}]p + |y− v|

)
= a1 pb(x,u)+a2 pb(y,v),

where a1 = a2 =
1
2 and a1 +a2 = 1.

In this case, both (0,0) and (1,1) are coupled fixed points of f , so the coupled fixed point is not unique.
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4. Application

In this section, as an application of our results, we establish that Theorems 3.1 and 3.2 can be utilized to derive the well-posedness of the
coupled fixed point problem in partial b-metric spaces. We begin with the following definitions and theorem.

Definition 4.1 [23] Let (X ,d) be a metric space and f : X → X be a mapping. The problem of finding a fixed point of f is said to be
well-posed if:

1. f has a unique fixed point x0,
2. for any sequence {xn} ⊂ X with limn→∞ d( f xn,xn) = 0, we have

lim
n→∞

d(xn,x0) = 0.

Now, we extend the concept to coupled fixed points in partial b-metric spaces.
Let C0FP( f ,X ×X) denote a coupled fixed point problem of a mapping f , and let C0F( f ) denote the set of all coupled fixed points of f :

C0F( f ) = {(x,y) ∈ X ×X | f (x,y) = x, f (y,x) = y}.

A coupled fixed point problem C0FP( f ,X ×X) is said to be well-posed if:

1. f has a unique coupled fixed point (x∗,y∗) ∈ X ×X ,
2. for any sequences {xn},{yn} ⊂ X with

lim
n→∞

pb( f (xn,yn),xn) = 0 and lim
n→∞

pb( f (yn,xn),yn) = 0,

we have

lim
n→∞

pb(xn,x∗) = 0 and lim
n→∞

pb(yn,y∗) = 0.

Definition 4.2 [17] Let (X , pb) be a partial b-metric space with coefficient s ≥ 1, and let f : X ×X → X be a mapping. The coupled fixed
point problem C0FP( f ,X ×X) is said to be well-posed if:

1. C0F( f ) is unique,
2. for any sequences {xn},{yn} ⊂ X with (x∗,y∗) ∈C0F( f ) and

lim
n→∞

pb( f (xn,yn),xn) = 0 = lim
n→∞

pb( f (yn,xn),yn),

we have

x∗ = lim
n→∞

xn, y∗ = lim
n→∞

yn. (4.1)

Theorem 4.3

Let (X , pb) be a complete partial b-metric space with coefficient s ≥ 1, and let f : X ×X → X be a mapping satisfying the conditions of
Theorem 3.2. For any sequences {xn},{yn} ⊂ X with (x∗,y∗) ∈C0F( f ), if

lim
n→∞

pb( f (xn,yn),xn) = 0 = lim
n→∞

pb( f (yn,xn),yn), (4.2)

then the coupled fixed point problem of f is well-posed, and pb(x∗,x∗) = 0 for some x∗ ∈ X .
Proof

By Theorem 3.2, the mapping f has a unique coupled fixed point (x0,y0) ∈ X ×X . Let {xn},{yn} ⊂ X be sequences such that

lim
n→∞

pb( f (xn,yn),xn) = 0 = lim
n→∞

pb( f (yn,xn),yn).

Assume that (x0,y0) ̸= (xn,yn) for any nonnegative integer n. Using f (x0,y0) = x0 and f (y0,x0) = y0, we have

pb(x0,xn)≤ pb( f (x0,y0), f (xn,yn))+ pb( f (xn,yn),xn)− pb( f (xn,yn), f (xn,yn))

≤ pb( f (x0,y0), f (xn,yn))+ pb( f (xn,yn),xn)

≤ a1 pb(x0,xn)+a2 pb(y0,yn)+a3 pb( f (x0,y0),x0)+a4 pb( f (xn,yn),xn)

+a5 pb( f (x0,y0),xn)+a6 pb( f (xn,yn),x0)

+a7
pb( f (xn,yn),xn) [1+ pb( f (x0,y0),x0)]

1+ pb(x0,xn)
+ pb( f (xn,yn),xn).

Now, using the fact that (x0,y0) is a coupled fixed point, pb( f (x0,y0),x0) = 0, and applying the properties of the partial b-metric, inequality
(??) reduces to

pb(x0,xn)≤ (a1 +a5 +a6)pb(x0,xn)+a2 pb(y0,yn)+(a4 +a7 +1)pb( f (xn,yn),xn).

Similarly, we obtain

pb(y0,yn)≤ (a1 +a5 +a6)pb(y0,yn)+a2 pb(x0,xn)+(a4 +a7 +1)pb( f (yn,xn),yn).
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Adding (4.5) and (4.6), we get

pb(x0,xn)+ pb(y0,yn)≤ (a1 +a2 +a5 +a6) [pb(x0,xn)+ pb(y0,yn)]+ εn,

where

εn = (a4 +a7 +1) [pb( f (xn,yn),xn)+ pb( f (yn,xn),yn)]→ 0 as n → ∞.

Since a1 +a2 +a5 +a6 < 1, taking the limit n → ∞ yields

lim
n→∞

[pb(x0,xn)+ pb(y0,yn)] = 0,

which implies

lim
n→∞

xn = x0 and lim
n→∞

yn = y0.

Thus, the coupled fixed point problem of f is well-posed and pb(x0,x0) = 0 for some x0 ∈ X .

pb(y0,yn)≤ pb( f (y0,x0), f (yn,xn))+ pb( f (yn,xn),yn)− pb( f (yn,xn), f (yn,xn))

≤ pb( f (y0,x0), f (yn,xn))+ pb( f (yn,xn),yn)

≤ a1 pb(y0,yn)+a2 pb(x0,xn)+a3 pb( f (y0,x0),y0)+a4 pb( f (yn,xn),yn)

+a5 pb( f (y0,x0),yn)+a6 pb( f (yn,xn),y0)

+a7
pb( f (yn,xn),yn) [1+ pb( f (y0,x0),y0)]

1+ pb(y0,yn)
+ pb( f (yn,xn),yn)

= (a1 +a5 +a6)pb(y0,yn)+a2 pb(x0,xn)+(a4 +a7 +1)pb( f (yn,xn),yn).

Since

lim
n→∞

pb( f (xn,yn),x0) = 0 = lim
n→∞

pb( f (yn,xn),y0),

for (x0,y0) ∈C0F( f ), and using condition (pb3) of Definition 2.5 in (4.3) and (4.4), we get

lim
n→∞

pb(x0,xn)≤ (a1 +a5) lim
n→∞

pb(x0,xn)+a2 lim
n→∞

pb(y0,yn), (4.5)

and

lim
n→∞

pb(y0,yn)≤ (a1 +a5) lim
n→∞

pb(y0,yn)+a2 lim
n→∞

pb(x0,xn). (4.6)

Now, set

M = lim
n→∞

pb(x0,xn) and N = lim
n→∞

pb(y0,yn), (4.7)

Adding (4.5) and (4.6), we have

M+N ≤ (a1 +a5)(M+N)+a2(M+N)

= (a1 +a2 +a5)(M+N)

< M+N, (4.8)

since a1 +a2 +a5 < 1. A contradiction arises, since a1 +a2 +a5 < 1. Hence,

lim
n→∞

M+ lim
n→∞

N = 0,

that is,

lim
n→∞

pb(x0,xn)+ lim
n→∞

pb(y0,yn) = 0

implies

x0 = lim
n→∞

xn and y0 = lim
n→∞

yn. (4.9)

Thus, the coupled fixed point is well-posed.
If we set a7 = 0 in Theorem 4.3, then we obtain the following corollary, corresponding to Theorem 3.3 of [20].

Corollary 4.4 Let (X , pb) be a complete partial b-metric space with coefficient s ≥ 1 and let f : X ×X → X be a mapping. For any sequences
{xn},{yn} ⊂ X with (x,y) ∈C0F( f ), if

lim
n→∞

pb( f (xn,yn),xn) = 0 = lim
n→∞

pb( f (yn,xn),yn),

then the coupled fixed point problem of f is well-posed, and

pb(x,x) = 0 for some x ∈ X .
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5. Conclusion

In this paper, we establish some coupled fixed point results for contractive mappings in a partial b-metric space. Examples are provided
to support the results and concepts presented herein. As an application of our results, we prove the well-posedness of coupled fixed point
problems.
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